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1. Introduction 
As most pellets used in present experiments are cylinders rather than spheres, a 
study of the influence of the expansion geometry of the ablated flow on the pellet 
ablation rate has been undertaken. To alleviate the complexity of what is 
essentially a two-dimensional ablated flow problem of a cylindrical pellet, we 
have approximated it by a one-dimensional model. This approximation treats the 
problem in two parts; a cylindrical flow along the radial direction, [1], and a plane 
flow along the axial direction, [2]. As a result of the constant area approximation 
for the flow along the ends of the cylinder, a continuous flow is possible only when 
it is subsonic everywhere. The loss of the transonic feature of the ablated flow 
clearly indicates that such a crude approximation does not give an adequate 
description of the flow near the ends of a cylinder. 
On the other hand, the plane flow approximation represents an extreme case of 
ablated flow geometry. By considering a constant area flow of the ablatant, the 
effect of the geometry on the expansion process is avoided and the ablation 
process itself might be understood better. The simple geometry also offers the 
possiblity of studying the interaction between the stopping of charged particles 
and the heating of a gaseous medium. Thus, the study of the plane ablated flow 
should be of interest in its own right. 
The main characteristic of a plane ablated flow, as mentioned above is that a 
continous flow is subsonic everywhere. This is a consequence of the absence of the 
expansion process. A second feature of this lack of expansion is that the ablatant 
temperature has a limiting value, a thermal choke effect. The subsonic nature of 
the flow also strongly influences the pellet ablation rate. The ablation rate of the 
pellet is determined not only by the downstream state of the plasma electrons, but 
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also by the upstream state of the ablatant at the pellet surface. The mass ablation 
flux is more sensitive to the ambient state of plasma electrons, than is the 
spherical or cylindrical ablated flow. 
This report is organized into four sections. The analytical model is described in 
section 2, where the basic assumptions and governing equations are presented 
first. This is followed by an approximate analytical solution and the scaling law of 
the mass ablation flux. In section 3, numerical analysis and computational 
results are given. Finally, in section 4, the effect of magnetic field orientation and 
that of expansion geometry on the pellet ablation rate are discussed. 
2. The analytical model 
2.1. Basic assumptions and governing equations 
In order to exclude the effect of expansion geometry on the pellet ablation rate 
itself, we consider the ablation of a pellet in a constant area duct (see Fig. 1). We 
imagine a cylindrical pellet of solid hydrogen to be inserted at the closed end of a 
rrictionless tube and subjected to the impact of a stream of plasma electrons 
coming from the open end. A stationary state is assumed to be already established 
after a brief period of initial bombardment. The pellet thus is shielded by a dense 
layer of molecular hydrogen gas which acts as a stopping medium for the 
incoming plasma electrons. The incident plasma electrons are assumed to have a 
Maxwellian velocity distribution at temperature Teo and particle number 
density neo. In view of the lack of information regarding the stopping property of 
plasma electrons in a medium of variable density, we shall approximate the 
stream of plasma electrons by an equivalent monoenergetic beam by taking its 
energy 
7 
E = 2 T , 
eo' 
and its particle flux, 
8 T n / M7 a 
_ to J to y 
4 \ nm / 
As an estimate of the maximum ablation rate, we shall take the magnetic field to 
be normal to the pellet surface. The other extreme case of parallel field 
orientation will be discussed briefly later. 
Taking the ablatant to be a molecular hydrogen gas and a nondissipiative 
medium, the governing equations for the ablated flow can be written as follows. 
p = pT/m W 
—(pu)=o (2) 
dx 
du dp jn\ 
p u — + — = 0 (3) 
dx dx 
d
 ( Y T u2 \ (4) 
pu — ( - L r - + - =Q<x) W 
dxV Y - l m 2 / 
where u, p, p, T are the velocity, pressure, density, and temperature of the 
ablatant, respectively. The temperature is given in energy units. Q(x) is the 
volumetric heat source, i.e. the energy delivered to the ablatant per unit volume 
per second. To complete the description, we assume Q(x) to be that part of the 
incoming plasma electron energy flux loss causing the heating and expansion of 
the ablatant only. Thus 
Q = r*S (5) 
dx 
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Following the argument of ref.[3], we may take f— 0.6, and 
dq P ( 6 ) 
-^ = - A(E)q dx m 
The attenuation of the energy E is given in turn by the stopping power formula, 
dE p <7> 
— =2 — L(E) dx m 
where L(E) is the loss function. The factor 2 comes from the average of the pitch 
angles of the incident electrons with respect to the magnetic field lines, [3], and 
L(E) <8> A(E) = 2—-+o(E) E 
thus A (£) is the energy flux attenuation cross section, and a (E) the total elastic 
scattering cross section. (Explicit expressions of L(E) and o(E) are given in 
reference [4].) 
Through some algebraic manipulations, it can be shown that the velocity and 
temperature of the ablatant are given explicitly by 
d J i = ( v , 1 ) mQ (9) 
dx p(yT-mu2) 
dT _mQ (T-rnu2)
 1 0 ) 
— = ( y _ l ) 
dx pu (YT-mu2) 
When we anticipate du/dx > 0 monotonically, Eq.(9) indicates that the flow field 
is subsonic everywhere. Eq.(10) further shows that continuous heating of the 
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ablatant is limited to the range where the local Mach number of the flow, M2 < 
1/y. The ablatant temperature reaches a maximum when M2 = 1/ y. It is to be 
noted that this " thermal choke " behaviour is a simple consequence of the 
presence of a finite heat source and depends neither on the detailed spatial 
distribution of the source, nor on the detail cf its interaction with the ablated 
flow. 
As the entire flow field is subsonic, the solution of the problem, hence the ablation 
rate of the pellet, is governed both by the downstream state of the unperturbed 
plasma electrons and by the upstream condition of the ablatant state at the pellet 
surface. The density pv of the ablatant at the pellet surface depends on the 
ablation process that takes place at the pellet surface. When the ablation is a 
sublimation process, one would expect that pv does not exceed ps, the density of 
solid hydrogen. On the other hand, if the ablation were caused by a dynamic 
phase transition, [5], pv > Ps is possible. 
As the velocity, uv of the ablatant leaving the pellet surface is rather uncertain, 
then, by using the mass conservation law, Eq.(2), we can replace Eq.(9) by a 
corresponding equation describing the variation of the ablatant density. Thus, 
dp _ (Y- DmQ ^^ 
dx
 u(yT - mu2) 
2.2 Normalization 
Following the previous argument, we shall normalize all variables describing the 
ablatant state by their corresponding values at the pellet surface, and the state of 
the slowed-down plasma electrons by its ambient unperturbed values, E0 and q0. 
The dimensionless variables, denoted by ", " are then 
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p* = p/pg, T = T/Tg , u' = u/a,, q' = q/fqo . 
(12) 
E' = E/Eo , L' = L(EVLo(Eo), A' = A(E) /A(EQ), 
x'= x/AA , /2. 
where the subscript "s" denotes the corresponding values of the solid hydrogen. 
Thus as = (yTs / m )i is the sound speed corresponding to a surface temperature 
T8. Due to the lack of a length scale, we have introduced a characteristic length 
of A A
 o
m
 , where A is a numerical factor (A = 105 is used in the computations). 
Considering the normalized mass ablation flux 
g
'
= g / p A (13) 
(p8 as= 2kg/cm2 /sat Ts = 10 K ) 
as an eigenvalue of the problem, the ablated flow now is completely described by 
the following system of equations: 
dp; 
dx' 
dT' 
dx' " 
dx' " 
dx' " 
1 Aqp 
' m-r 
\ 9'U 
-- AgP'q'A' 
(14) 
A'q'p' 
(15) 
(16) 
(17) 
11 
where 
A ^ y - l ) K
A
*r (i« 
ma 3 s 
A „ . P . \ Lo*> (19) 
. - « * ) 2 V m / E 
*.-lrK"A m 
2.3 Boundary and compatibility conditions 
When the surface conditions Tv and pv of the pellet are known and the ambient 
unperturbed state of the plasma electrons E0 and q0 (or Teo and neo) are given, 
integration of the system of equations Eqs.(14)- (17) can be initiated at the pellet 
surface once a proper value of the mass ablation flux g' is chosen and the four 
variables p* = pv /ps. 1" =TV / T s , É' = Ev /E0 and q'= qv / q0 are specified at 
the pellet surface (subscript V denotes parameters at the pellet surface). When 
the ablation of the pellet is caused by the sublimation process, we would expect 
that 
*
 A
 (21) 
When we expect the existence of a dense layer of ablated gas acting as an effective 
shield for the incoming electrons, we would expect at the pellet surface that 
A
 » (22) 
The integration is to be terminated at the ablated cloud location 
x' = X'where 
12 
E't-E/E^-Handq'^q/q,,)-*! l ' 
In addition, we require that at x' =- X' 
(*£\- o.
 (24) 
Since at x' =X', qp= A' = l,Eq. (24) is equivalent to the condition that 
(25) p'A3(Eo)-0, 
where p' = pf /ps, and pf is the ablatant mass density at the cloud boundary. 
Eq.(25) can be viewed, in fact, as a constraint for the proper choice of the 
normalized mass ablation flux.g'. 
2.4. Approximate solution and scaling law of the mass ablation flux 
The three conservation laws of mass, momentum^ and energy in their 
dimensionless form can be written as follows: 
— (PV) =0 (26) 
dx' 
— (yp'u*2 + pT) = 0 (27) 
dx 
pv£(T-+!fV)=.»-.,QA£ B« 
where 
3 (29) 
Q = q / p a 3 
13 
The mass conservation equation can be integrated directly to give the mass 
ablation flux, g\ Integrating Eq.(27) between the pellet surface, x' = 0 and the 
cloud boundary, x*=X', we obtain 
*,->, ~ ^ A A A * A
 # A v (27a) 
pT'<! +
 ¥M2) = p T ( l + YM2) = p"P ( V U ~ 0 ) 
Integrating Eq.(28) between x'=0 and x'=X' and taking into consideration that 
the total enthalpy at the pellet surface is much less than that at the cloud 
boundary, we obtain 
g-rtl + —- M2) = (Y - DQA( 1 - q") 
When we expect the existence of an effective shield mechanism at the pellet 
surface q' — 0 the above equation reduces to 
gT'd + ^—— M2) = <Y - DQA (28a) 
2 A 
EliminatingT between Eqs.(27a) and (28a), we obtain 
B ' / ^ V M \ (Y - DQA 
?l 1+VM2 r " 3 = ~ (30) 
From the compatibility condition Eq.(25) and the definition of A3 Eq.(20), we 
have 
** mc 
P' = • ^ ^ ^ _ (31) pAA 3 * r% o 
where e is a small number defined by 
14 
• ( S ) ' -
Substituting Eq.(31) into (30), we obtain finally for the normalized mass ablation 
flux 
E' = ( Y - 1 ) : ) 
V Y - l ~ » / 
A™1 1 
2 
Knee the factor involving M2 = 2 at most, wr further approximate the above 
expression by 
Q.mc i 
Tlie ablated mass flux, consequently, scales as 
g o 
mq 
o 
• v o 
(32a) 
3. Numerical analysis and results 
Restricting the plasma state in the range of 
0 .5<T e o <5keV, 
2x10*3 < n e o < 5 x l O u cm3 
(33) 
after guessing a value of g\the system of equations, Eqs.(14)-(17), can be 
integrated numerically once proper values of p\ T, É*, and q' at the pellet surface 
are chosen. As we anticipate the existence of an efficient shielding mechanism, 
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the stopping distance or the cloud boundary X should be reasonably short. In the 
computations, we take arbitraily 
X < 5 c m (34). 
Besides, the ablatant temperature Tf at the cloud boundary X should not exceed 
the temperature of the ambient plasma electrons i.e. 
Tf
 s Teo (35) 
Under the restrictions of Eqs.(34) and (35) and when the ablation is a sublimation 
process, it was found that T and p' at the pellet surface must be chosen in the 
following range 
0.5 < t* s 1 
(36) 
0 . 5 < p ' s l 
To ensure the existence of an effective shielding at the pellet surface, É* must be 
chosen sufficiently small (e.g. <0.05). On the other hand, to save computational 
time, it should not be too small (e.g. > 0.01). 
The corresponding value of q' has to be determined from the specified value of É* 
consistent with the stopping power relationship of 
£
 = E W ( - [ E ° — < » K | (37) 
y
 I J E 2MB) I 
V 
With all the derivatives thus determined, the integration is initiated at the pellet 
surface and proceeds outwards until at x' = X' 
E' ( a E/E ) -» 1 and q* ( • q/q ) - • 1 * 2 3 ) 
Furthermore, we require that at x* = X' 
16 
m -a (24.) 
VdxV <10 
i ' = X' 
(From Eqs.(16) and (17), it can be seen that the requirement of Eq.(24a) 
automatically infers that 
< 10 - 3 ) 
When Eq.(24a) is not satisfied, the integration has to be repeated by choosing a 
new value of the mass ablation flux g\ Results of numerical analysis based on 
such a procedure showed that the ablated mass flux scales as 
•'"^vjHf)-*5 (38) 
In the range of 0.2 < E < 30 keV, we have approximately 
A(E) = 5 45x 10~3ÉT165 
Thus, in the range of the plasma state given previously, described by Eq.(33) we 
have explicitly 
g'p'r = 2 .413 X10_29n T3m 
°
 r
 to to 
shown as the dotted line in Fig.3. For comparison, the approximate solution of 
Eq.(32) is indicated by the solid line. 
The attenuation of the plasma electron energy and energy flux in the ablatant 
cloud as well as the variation of the ablatant temperature and velocity at a given 
17 
plasma state of T^ = 800eV and and neo = 1-0 x 1014 cm-3 are shown in Fig.l 
and Fig.2 respectively. 
4. Discussions 
4.1. Effect of the magnetic field orientation 
The treatment thus far deals only with the case where the magnetic field lin es are 
normal to the pellet surface. In order to estimate the effect of magnetic field 
orientation on the ablation rate of the pellet, we shall consider the other extreme 
case where the field line are parallel to the pellet surface. 
When plasma instabilities are absent, plasma electrons can penetrate the pellet 
surface only if the magnetic pressure is not too high. Assuming Te = Tj , this 
condition can be written explicitly as 
Taking a plasma state close to the upper limit of the range considered previously, 
Eq. (33), e.g. nM = 2 x 10" cm-3, andT«, = 5 keV, we have B < 0.89 tesla from 
the above expression. Comparing it with present values of the confinement field 
used in most tokamaks, it is rather low. Thus, when plasma instabilities are 
absent, the pellet ablation rate should be negligble compared with the case when 
the field lines are normal to the pellet surface. 
4.2. Effect of expansion geometry on the pellet ablation rate 
In order to examine the effect of expansion geometry on the pellet ablation rate, a 
comparison of the ablation rate at a given plasma state of Tco = 1 keV and neo 
18 
= 1.0 x 1014 cm-3 is made. In the case of constant area plane flow, the mass 
ablation rate g = 0.78 g./cm2/sec. The mass ablation flux of an idealized 
cylindrical pellet of infinite length and that of a spherical pellet are compared at 
three different radii in the following table. 
Table I - Comparison of mass ablation flux g of various expansion geometry 
Expansion geometry 
Cylindricals 
Spherical 
Pellet radius rp in mm 
0.5 
1.38 
37.6 
1 
0.87 
23.7 
2 
0.55 
14.9 
From the results shown in the above table, we observe that for a spherical pellet 
of reasonable size, the ablation rate is always greater than that of the plane 
ablated flow.The relative ablation rate for an idealized cylinder depends on its 
radius. For a cylinder with radius, rp < 1 mm., its ablation rate is greater than 
that of the plane flow at the same plasma state, while for one with radius, rp > 1 
mm., the ablation rate becomes less than that of the plane flow at the same 
plasma state. The ablation rate of a spherical or cylindrical pellet is insensitive to 
the precise state of the ablatant at the pellet surface;however, it should be borne 
in mind that the ablation rate of the plane flow case, as shown previously by Eq. 
(38), is very sensitive to the ablatant state, Tv , and at the pellet surface. The 
above mentioned mass ablation flux, g = 0.78 g/cm2 Is is based on the assumption 
that the ablatant leaves the pellet surface at its surface temperature, T8 (10 Kor 
f = 1 ). If the ablatant temperature at the pellet surface is taken to be 
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comparable to the sublimation energy of 10- 2 eV, (or T = 10), the mass ablation 
flux according to Eq.(38) will be reduced by about an order of magnitude. 
In the plasma temperature range of 0.5 < X. < 5 keV, the mass ablation flux of 
the plane flow case ,as shown by Eq.(39), varies with the unperturbed state of the 
plasma electrons as 
* „ T*»» ( 4 1 > 
g«tn T 
eo eo 
In comparison, the mass ablation flux of a cylindrical or spherical pellet at a 
given radius, varies with the unperturbed plasma eletron state of nM and T«, as 
sp eo 
The mass ablation rate in the plane flow case, is thus more sensitive to the 
unperturbed state of the plasma electrons. 
To study the ablation of a cylindrical pellet, we have considered previously a 
cylinder of infinite length and consequently neglected the ablation of its ends [1]. 
To estimate ablation rate, of the ends we have considered the ablation of a thin 
disk and disregarded its side by restricting the flow to be of constant area [2]. By 
doing so, we have lost the inherent transonic feature of the flow of a finite 
cylinder. In comparison with the flow of a spherical pellet, this crude 
approximation indicates that the flow of a cylindrical pellet basically is two-
dimensional. A clear understanding of the problem, therefore, still requires 
further study. On the other hand, as in most pellet injection experiments, most of 
the time the pellet is injected with the axis of the cylinder normal to the field 
lines. Following the discussion of the previous section, (the ablation rate of the 
ends of the cylinder is expected to be much less than that of its side),the ablation 
20 
mass flux estimated on the basis of an infinite cylinder thus could represent an 
upper bound of a cylinder of finite length. 
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